This paper studies the three-dimensional (3-D) free vibration of uniform prisms with isosceles triangular cross-section, based on the exact, linear and small strain elasticity theory. The actual triangular prismatic domain is first mapped onto a basic cubic domain. Then the Ritz method is applied to derive the eigenfrequency equation from the energy functional of the prism. A set of triplicate Chebyshev polynomial series, multiplied by a boundary function chosen to, a priori, satisfy the geometric boundary conditions of the prism is developed as the admissible functions of each displacement component. The convergence and comparison study demonstrates the high accuracy and numerical robustness of the present method. The effect of length-thickness ratio and apex angle on eigenfrequencies of the prisms is studied in detail and the results are compared with those obtained from the classical one-dimensional theory and the 3-D finite element method. Sets of valuable data known for the first time are reported, which can serve as benchmark values in applying various approximate beam and rod theories.
artificial, kinematic constraints are placed on the deformations. A close scrutiny among the references reveals that study on 3-D vibration of prisms has received little attention because of the difficulty of attaining accurate solutions. The available references mainly focused on the prisms with circular or rectangular cross-section. Hutchinson [6, 7] studied the vibration of a completely free prism with circular cross-section and compared his 3-D solutions with the approximate 1-D solutions [8] . Such a prism was also studied by Leissa and So [9] using the Ritz method for the free-free and the fixed-free end conditions. Fromme and Leissa [10] used the so-called Fourier associated-periodicity extension method to study the 3-D vibration of a completely free prism with rectangular cross-section. The same problem was also studied by Hutchinson and Zillmer [11] using the method of series solution. Furthermore, Leissa and Zhang [12] used the Ritz method to study the 3-D vibration of a cantilevered prism with rectangular cross-section, while Leissa and Jacob [13] and McGree [14] , respectively, used the Ritz method to study the 3-D vibration of a cantilevered twisted prism with rectangular cross-section. Recently, Liew et al. [15] used the Ritz method to study the 3-D free vibration of prisms with the thick-walled, open sections of L, T, C and I shapes. Lim [16] investigated the effect of hypothetical assumption of neglecting flexural normal stress in vibration analysis for a cantilevered prism with rectangular cross-section. Up to now, most of the research work on 3-D vibration analysis of structural components is performed by the Ritz method because of its simplicity in analysis [9, [12] [13] [14] [15] [16] , in which two types of polynomial functions are commonly used as the basis of admissible functions: the simple algebraic polynomials [9, [12] [13] [14] 16] and the orthogonal polynomials [15] . It is well known that the simple algebraic polynomials have the straightforward and convenient characteristics in programming and computing. However, undesirable ill-conditioning occurs generally so early that only a small part of the lower-order eigenfrequencies can be obtained with satisfactory results. Especially, for a prism with noncircular or nonrectangular cross-section, the applicability of the simple algebraic polynomials is greatly reduced, as demonstrated by the authors in a recent paper on vibration analysis of cantilevered skew thick plates [17] . The ill-conditioning situation can be improved by employing the orthogonal polynomials instead of the natural ones. However, as So and Leissa [18] pointed out, this would not only complicate the analysis but may yield inaccurate results due to the truncation errors which arise in calculating orthogonal polynomials by the Gram-Schmidt process. In this paper, the Chebyshev polynomials are suggested as the alternative basic functions to study the prisms with isosceles triangular cross-section using the Ritz method. Not only high accuracy and numerical robustness can be obtained due to the excellent properties of the Chebyshev polynomials in function approximation [19] , but also simplicity in programming and computing can be maintained because of the Chebyshev polynomials can be conveniently expressed as cosine functions.
Formulation
Consider a prism with isosceles triangular cross-section of width a, length h and apex angle α as shown in Fig. 1a . Based on the exact, linear and small-strain 3-D elasticity theory, the strain energy V and the kinetic 
where ρ is the mass per unit volume; u = u(x, y, z), v = v(x, y, z) and w = w(x, y, z) are displacement components at a generic point in the x, y and z directions, respectively;u,v andẇ are the corresponding velocity components. λ and G are the Lamè constants for a homogeneous and isotropic material. ε i and γ i j (i, j = x, y, z) are the strain components. For free vibrations, the displacement components of the 3-D elastic body may be expressed as
where ω is the circular eigenfrequency of vibration. Substituting Eq. (2) into Eq. (1), the maximum strain energy V max and the maximum kinetic energy T max of the prism are, respectively, expressed as
in which,
The Lagrangian energy functional is given as
For simplicity in constructing admissible functions, the actual triangular prismatic domain is mapped onto a basic cubic domain, as shown in Fig. 1b , using the following co-ordinate transformation
Applying the chain rule of differentiation, the relation of the first derivative between the original co-ordinate system x − y − z and the new co-ordinate system ξ − η − ζ can be expressed as
where J denotes the Jacobian matrix of the geometrical mapping as follows
Equations (7) and (8) will be used later to transform the x − y − z domain integrals in Eq. (3) into the ξ − η − ζ domain integrals.
Following the above co-ordinate transformation, the displacement functions U (x, y, z) = U (ξ, η, ζ ), V (x, y, z) = V (ξ, η, ζ ) and W (x, y, z) = W (ξ, η, ζ ) are approximately expressed in terms of a finite series as
where A i jk , B lmn and C pqr are undetermined coefficients, f u (ζ ), f v (ζ ) and f w (ζ ) are the boundary functions while all the series functions have an identical form of formulation: F s (χ )(s = i, j, k, l, m, n, p, q, r and χ = ξ, η, ζ ) which are a set of Chebyshev polynomials [19] defined in interval [−1, 1], and is expressed by
It should be noted that Chebyshev polynomial functions F s (χ )(s = 1, 2, 3, . . .) is a set of complete and orthogonal series in the interval [−1, 1]. This ensures that the triplicate series
is also a complete and orthogonal set in the cubic domain. Compared to results using other polynomial series such as the Taylor series, more rapid convergence and robustness in numerical computation can be expected. Moreover, the Chebyshev polynomials can be expressed in terms of cosine functions, which provides a convenient way in programming.
In the Ritz method, the stress boundary conditions of the plates need not be satisfied in advance. However, the geometric boundary conditions should be satisfied exactly. For a prism, the boundary functions in the admissible functions should only relate with the ζ coordinate but not the ξ and η coordinates because there are no displacement constraints on the lateral surface of the prism. Some common boundary functions are shown in Table 1 .
Substituting Eqs. (6) (7) (8) into Eqs. (3) (4) (5) , the Lagrangian functional can be expressed in terms of the co-ordinate system ξ − η − ζ. Then substituting Eq. (9) into the functional expression, and upon minimizing with respect to the undetermined coefficients A i jk , B lmn and C pqr , a set of eigenfrequency equations is derived, which can be written in matrix form as 
F, C and S mean free, clamped and simply-supported ends, respectively, and the first capital means the boundary condition at z = 0 and the second one means that at z = h B.C. boundary conditions
are the stiffness sub-matrices and the diagonal mass sub-matrices and {A}, {B} and {C} are the column vectors of unknown coefficients, which are given as follows
Various elements in sub-matrices
It should be mentioned that the equations of the algebraic system (11) and its elements in (13) 
Convergence and comparison study
It is obvious that for a prism with isosceles triangular cross-section, the 3-D vibration modes can be divided into two distinct categories: antisymmetric and symmetric ones of the bisecting plane about the apex α, i.e. those about the y − z (or η − ζ ) plane. It is well known that the Ritz method results in the upper eigenfrequencies and the eigenfrequencies should monotonically decrease with increasing the number of terms of the admissible functions. Although solution of any accuracy can be provided theoretically by using sufficient terms of admissible functions, the significant figures and capacity of the computer will inevitably result in a limitation to the number of terms of the admissible functions. Therefore, the choice of admissible functions becomes the successful key in the Ritz method. Moreover, suitable admissible functions not only should provide high accuracy and rapid convergence, but also should avoid the premature occurrence of ill-conditioning in numerical computation, which is of considerable importance for the 3-D Ritz analysis because of triplicate series generally has to be used.
A convergence study has been conducted for a prism with isosceles triangular cross-section. The lengththickness ratio of the prism is h/a = 5. Two different apex angles: α = 60 o and α = 120 o and three different boundary conditions: clamped-clamped, clamped-free and free-free are considered. For simplicity, equal numbers of terms of the Chebyshev polynomials were used in each displacement functions. The eigenfrequency parameters with respect to four groups of different numbers of terms of admissible functions: I × J × K = 5 × 5 × 10, 6 × 6 × 15, 7 × 7 × 20 and 8 × 8 × 25, respectively, are studied. Table 2 gives the first eight antisymmetric modes about the bisecting plane of apex angle and Table 3 gives the first eight symmetric ones. The data accurate to the third figure after decimal point are examined and those underlined are the converged values for the smallest number of terms in 5 × 5 × 10, 6 × 6 × 15, 7 × 7 × 20 and 8 × 8 × 25. From these two tables, it is shown that the fastest convergence is for the F-F prisms while the slowest convergence is for the C-C prisms. One reason for this is that the fixed ends cause large stress gradients near the corners and another reason is that for the F-F prisms, the admissible functions is a set of orthogonal and complete series while for the C-C prisms, the orthogonality of the admissible functions is destroyed by the multiplying boundary functions, which require more terms to represent with reasonable accuracy. However, the main properties of the Chebyshev polynomials are preserved in the present admissible functions because the boundary functions are always invariable in sign.
In order to demonstrate the advantage of the Chebyshev polynomials in numerical robustness over the simple algebraic polynomials, the convergence for a C-F prism with the apex angle α = 60 • and the lengththickness ratio h/a = 5, using the simple algebraic polynomials as the admissible functions, are given in Table 4 . It is seen that when 6 × 6 × 12 terms of simple algebraic polynomials are used, the computation becomes ill-conditioned. However, one can see from Tables 2 and 3 that even using 8 × 8 × 25 terms of Chebyshev polunomials, a stable computation still has been obtained. Data with one asterisk are the torsional modes while data with two asterisks are the longitudinal modes A comparison study between the present 3-D solutions and the classical 1-D theory solutions is given in Table 5 for a cantilevered prism with equilateral triangular cross-section. The length-thickness ratio of the prism is h/a = 20, which means the prism is a slender one. Six groups of common boundary conditions are considered. In all the following analysis, Poisson's ratio ν = 0.3 is fixed and the zero eigenfrequencies are excluded from the results. It is obvious that for a prism with equilateral triangular cross-section, the elastic axis is coincident with the inertial axis. In such a case, 1-D beam theory considers that the torsional vibration and the flexural vibration are uncoupled. It is shown that in general for a slender prism, the low-order eigenfrequencies from the 1-D theory accord reasonably with those from the 3-D theory and in the three types of different modes, the longitudinal and torsional modes have the best accuracy and no clear error can be observed. While for the flexural modes, when the order of eigenfrequencies rises the errors from the 1-D theory increase accordingly. In all kinds of the boundary conditions, the worst 1-D results always come from the prism with C-C ends and the biggest error between the 3-D and 1-D theories occurs at the sixth eigenfrequency (2.827 vs. 3.047), which is about 7.8%.
In order to further demonstrate the accuracy and correctness of the present method, a comparison study of the present solutions with the 3-D finite element solutions is given in Table 6 for the prisms with isosceles triangular cross-section of apex angle α = 90 • . Two kinds of boundary conditions: clamped at two ends and cantilevered, and two different length-thickness ratios: h/a = 1.5 and h/a = 3.0, are considered. In the computation, the following parameters are taken: a = 1.0, ρ = 1.0 and E = 1.0, and 64 × 30 = 1,920 (64 is the element number in the cross-section while 30 is that along the length direction) Wedge6 elements for h/a = 1.5 and 64 × 60 = 3,840 for h/a = 3.0 in commercial program Strand7 were used. The first eight frequency parameters are given for comparison. It is observed that the present solutions are in agreement with the finite element solutions for all cases.
Numerical results
In Tables 7, 8 and 9, the first eight eigenfrequency parameters of antisymmetric and symmetric modes about the bisecting plane of the apex angle are given for thick prisms with isosceles triangular cross-section. Three different apex angles α = 60 • , 90 • , 120 • , three different length-thickness ratios h/a = 1, 2, 4 and four different boundary conditions C-C, C-F, F-F, S-S are considered. It is shown that the first eigenfrequencies monotonically decrease with the increase of length-thickness ratio for all cases except for the F-F beams. Moreover, it is seen that the C-C prisms always provide the highest eigenfrequencies (if concluding the zero eigenrequencies of F-F prisms) because of the severest boundary constraints. It should be mentioned that the 3-D vibration modes of a prism can be also divided into three distinct types: flexural modes, longitudinal modes and torsional modes, which correspond to the 1-D solutions as shown in Table 5 . Observing the data given in Table 7 , one can find that for prisms with equilateral triangular cross-section (α = 60 • ), a part of eigenfrequencies of the antisymmetric modes are the same as those of the symmetric modes. This comes from the symmetry of the equilateral triangle, i.e. there are just the same three bisecting planes of angles. For each bisecting plane, the vibration modes should be the same, which only can be ensured when the eigenfrequencies of antisymmetric modes of the flexural vibration are the same as those of symmetric modes of the flexural vibration. Therefore, Introducing a new dimensionless eigenfrequency parameter = (h/a) to describe the flexural vibration, the tendency of eigenfrequencies varying with increasing of the length-thickness ratio can be clearly shown. Again consider the prisms with equilateral triangular cross-section. Figure 2 gives the first two eigenfrequencies of flexural vibrations with respect to the length-thickness ratio, and Fig. 3 gives the fundamental eigenfrequencies of the longitudinal and torsional vibrations with respect to the length-thickness ratio. The varying interval of the length-thickness ratio h/a is from 1 to 24. For convenience in comparison, the classical 1-D solutions are also given in the figures. It is shown that with the increase of length-thickness ratio, the 3-D solutions gradually become close to the 1-D solutions, however, the speed approaching to 1-D solutions decreases with the increasing eigenfrequency order. In these three different types of modes, the error of torsional vibration between the 3-D solutions and the 1-D solutions is the least and secondly the longitudinal vibration while the worst is the flexural vibration. It is seen that for the flexural vibration, the eigenfrequencies from the 1-D theory are always higher than those from the 3-D theory. Such an observation completely coincides with the basic assumption in the classical 1-D theory. However, this conclusion cannot be extended to the longitudinal vibration and the torsional vibration. Moreover, it is seen that for the flexural vibration, the 1-D solutions of the C-F prisms have the best accuracy while those of the C-C prisms have the worst accuracy.
Conclusion
In this paper, the 3-D vibration characteristics of uniform prisms with isosceles triangular cross-section are studied. The analysis process is based on the exact, linear and small strain elasticity and the Ritz method is applied to derive the eigenfrequency equation. Using a domain mapping, the integrals in a tri-prism domain are transferred into the integrals in a basic cubic domain. By selecting the Chebyshev polynomials which are multiplied by a boundary function to ensure the satisfaction of the geometric boundary conditions, the high accuracy and numerical robustness of the admissible functions are guaranteed. The convergence and comparison studies show the correctness of the present method. The effect of apex angle and length-thickness ratio on eigenfrequencies is investigated in detail and results known for the first time are reported.
